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Recently, some authors have considered the quantum spectrum of black holes. This consideration is extended to tachyonic black
holes in a brane-anti-brane system. In this study, black holes are constructed from two branes which are connected by a
tachyonic tube. As the branes come closer to each other, they evolve and make a transition to thermal black branes. It will be
shown that the spectrum of these black holes depends on the tachyonic potential and the separation distance between the
branes. By decreasing the separation distance, more energy emerges and the spectrum of the black hole increases.

1. Introduction

Of late, some scientists suggested a more exact black hole
effective temperature with reference to the quantum spec-
trum of black holes [1, 2]. This temperature includes both
the nonthermal Hawking radiation and the radiation of sub-
sequent Hawking quanta. In [1, 2], it was shown that the
quantization depends on the quantum quasi-normal modes
of the black hole, but there were certain approximations
implicitly made in those calculations. In [3], Corda extended
the previous calculations by removing these approximations,
and obtained corrected expressions for the quantization and
thereby also for the Bekenstein-Hawking entropy. Other
researchers [4, 5] using different methods have also obtained
the black hole spectrum. Motivated by these works, we con-
sider the quantum spectrum of tachyonic black holes in a
brane-anti-brane system. These black holes are constructed
from a pair of branes and anti-branes which are connected
by a tachyonic tube [6–8]. By decreasing the separation dis-
tance between branes, the tachyonic potential between them
grows and the tachyonic black holes emit more spectra.

The outline of this paper is as follows: In Section 2, we
calculate the quantum spectrum for tachyonic black holes,
which are constructed from a brane, an anti-brane, and a
tachyonic tube. In Section 3, we generalize this discussion

to thermal black holes. The last section is devoted to a sum-
mary and conclusion.

2. The Quantum Spectrum for Tachyonic
Black Holes:

In this section, we will firstly consider a system of a brane and
an anti-brane which are connected by a tachyonic tube. By
increasing the tachyonic potential between the branes, this
system evolves to a black hole. We will calculate the spectrum
of this tachyonic black hole. In [3], it was shown that the
entropy for the black hole is given by

SBH = 4π M2 −
n
2

� �
, ð1Þ

where n is the number of quantum states, andM is the energy
of the black hole. Now, we wish to calculate the energy of the
tachyonic black hole. For a black hole in the brane-anti-brane
system, the total potential energy can be obtained by summing
over the potentials of the branes and the spaces between them:

V tot = Vbrane +Vextra, ð2Þ

The extra potential is a function of the fields which can
move between the branes. Such fields transmit forces between
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the branes, playing a major role in the evolution of the black
holes located on the branes. These fields turn out to be
tachyons.

To build a tachyonic black hole in this theory and calcu-
late the tachyonic potential, consider a set of D3- �D3-brane
pairs situated at z1 = l/2 and z2 = −l/2, respectively, as shown
in Figure 1. z is the transverse coordinate to the branes, and σ
is the radius on the world-volume. The induced metric on the
brane is

γabdσ
adσb = −dτ2 + 1 + z′ σð Þ2

� �
dσ2 + σ2 dθ2 + sin2θdϕ2

� �
:

ð3Þ

For the case of a single D3- �D3-brane pair with open
string tachyon, the action is [9, 10]:

Stot−extra = −τ3
ð
d9σ〠

2

i=1
V TA, lð Þe−ϕ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
−det Ai

p� �
ð4Þ

Aið Þab = gMN −
TA2l2

Q
gMzgzN

 !
∂ax

M
i ∂bx

M
i + Fi

ab

+
1
2Q

DaTAð Þ DbTAð Þ∗ + DaTAð Þ∗ DbTAð Þð Þ
+ il gaz + ∂azigzzð Þ TA DbTAð Þ∗ − TA∗ DbTAð Þð Þ
+ il TA DaTAð Þ∗ − TA∗ DaTAð Þð Þ gbz + ∂bzigzzð Þ,

ð5Þ
where

Q = 1 + TA2l2gzz ,

DaTA = ∂aTA − i A2,a − A1,að ÞTA, V TA, lð Þ
= gsV TAð Þ

ffiffiffiffi
Q

p
,

eϕ = gs 1 +
R4

z4

� �−1/2

,

ð6Þ

The quantities ϕ, A2,a, and Fi
ab are the dilaton field, gauge

fields, and field strength, respectively, on the world-volume
of the non-BPS brane. TA is the tachyon field, τ3 the brane
tension, and VðTAÞ the tachyon potential. Indices a, b stand
for the tangent directions of the D-branes, whereas the indi-
ces M,N run over the background ten-dimensional space-
time directions. The indices i =1 and 2 represent the Dp
-brane and the anti-Dp-brane, respectively. Then, the dis-
tance between the D-branes is given by z2 − z1 = l. In the
above action, we use units such that 2πα′ = 1.

In writing the action of the D3-brane, we assume that
that σ is dependant only on the tachyon field TA, and that
the gauge fields are zero. Thus, in the region r > R and TA′ ~
constant, the action (5) is

SD3 ≃ −
τ3
gs

ð
dt
ð
dσσ2V TAð Þ ffiffiffiffiffiffiffiffiffiffiffi

D1,TA
p

+
ffiffiffiffiffiffiffiffiffiffiffi
D2,TA

p� �
, ð7Þ

where D1,TA =D2,TA ≡DTA, V3 = 4π2/3 is the volume of a unit
sphere S3 and

DTA = 1 +
l′ σð Þ2
4

+ TA2l2, ð8Þ

where a prime denotes a derivative with respect to σ. We make
use of the potential [11–13]:

V TAð Þ = τ3
cosh

ffiffiffi
π

p
TA

: ð9Þ

To calculate the energy-momentum tensor, we have to take
the functional derivative of the action with respect to metric
gMN, i.e., T

MN = ð2/ ffiffiffiffiffiffiffiffiffiffiffiffi
−detg

p ÞðδS/δgMNÞ. We get [7, 8],

T00
i,brane =V TAð Þ

ffiffiffiffiffi
Di

p
, ð10Þ

After doing some calculations and using some approxima-
tions, we obtain

T00
i,brane = τ3 +Vbrane, ð11Þ

where

Vbrane = τ3

ffiffiffi
π

p
TA
2

	 

1 + e−2

ffiffi
π

p
TA� �−1 × l′ σð Þ2

4
+ TA2l2

" #
:

ð12Þ

This potential depends on the distance between the two
branes and on the tachyon. The effects of the other branes have
to be taken into account to get the change of the parameters
with time. It will be shown that as the branes approach each
other; the tachyons generate a wormhole connecting the branes
which then transmits energy into the black hole from the extra
dimensions.

z

0

l

–l/2 l/2

Figure 1: Pair of D3- �D3-brane pairs at z1 = l/2 and z2 = −l/2:
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Thus far, we have assumed that the tachyon field changes
slowly (TA ~ t4/t3 = t), whilst neglecting TA′ = ∂TA/∂σ and
_TA = ∂TA/∂t. Now, we consider the tachyon field to be
changing rapidly as the distance between the brane and anti-
brane decreases. So we cannot neglect TA′ and _TA. A new
wormhole forms. During this time, the black hole changes
from a nonphantom phase to a new phantom phase. Thus,
the phantom-dominated era of the black hole accelerates,
ending up in a big-rip singularity. In such a case, the action
(5) becomes:

L ≃ −
τ3
gs

ð
dσσ2V TAð Þ ffiffiffiffiffiffiffiffiffiffiffi

D1,TA
p

+
ffiffiffiffiffiffiffiffiffiffiffi
D2,TA

p� �
, ð13Þ

where

D1,TA =D2,TA ≡DTA = 1 +
l′ σð Þ2
4

+ _TA2 − TA′2 + TA2l2,

ð14Þ

and where it is assumed that TAl≪ TA′. Next, the Hamilto-
nian related to the above Lagrangian is studied. The canoni-
cal momentum density is needed to derive the Hamiltonian,
i.e., Π = ∂L/∂ _TA associated with the tachyon, that is

Π = V TAð Þ _TAffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + l′ σð Þ2/4
� �

+ _TA2 − TA′2
r , ð15Þ

and the Hamiltonian is

HDBI = 4π
ð
dσσ2Π _TA − L: ð16Þ

Now, we choose _TA = 2TA′, and obtain

HDBI = 4π
ð
dσσ2 Π _TA −

1
2
TA′

� �	 

+
1
2
TA∂σ Πσ2� �

− L:

ð17Þ

In the second step of the above equation, we have inte-
grated the term proportional to _TA by parts. This indicates
that the tachyon can be studied as a Lagrange multiplier by
imposing the constraint ∂σðΠσ2VðTAÞÞ = 0 on the canonical
momentum. By solving the above equation, we get:

Π =
β

4πσ2 , ð18Þ

where β = constant. By (16) and (18), we get:

HDBI =
ð
dσV TAð Þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

l′ σð Þ2
4

+ _TA2 + TA2l2

s
FDBI,

ð19Þ

FDBI = σ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

β

σ4
:

r
ð20Þ

We then vary (20), and calculate the equation of motion
for lðσÞ:

l′FDBI

4
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 + l′ σð Þ2/4
� �r

0
BB@

1
CCA = 0: ð21Þ

The solution to this equation is

l σð Þ = 4
ð∞
σ

dσ
FDBI σð Þ
FDBI σ0ð Þ − 1
� �−1/2

= 4
ð∞
σ

dσ′

ffiffiffiffiffiffiffi
σ40+β

2
pffiffiffiffiffiffiffiffiffi
σ ′4−σ40

p
� �

:

ð22Þ

This solution represents a wormhole with a finite size
throat for non-zero σ0, (see Figure 1). Using equations (15),

(18), and (22) and assuming that _TA2 = TA′2, we obtain

TA ~
ð
dσ

β

4πσ2

	 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ40 + β2

p
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
σ′4 − σ4

0

q
0
B@

1
CA

2
64

3
75
2

vuuuut
2
664

3
775: ð23Þ

We see from this that the tachyons depend on the coordi-
nates of the branes and the size of the throat of the wormhole.
By decreasing the distance between the branes, the tachyons
expand and more energy is transmitted from the extra
dimensions into the brane and thus the black hole expands.

The potential between branes can be obtained from equa-
tion (20):

HDBI = T + Vtot ð24Þ

V tot ≃
3τ3
σ3

ð
dσVbraneFDBI, ð25Þ

FDBI = σ2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

β

σ4 :

r
ð26Þ

The energy density may be calculated from equations
(20) and (26):

T00
i,brane =

ð
dσT00

i,brane+extra =
ð
dσV TAð Þ

ffiffiffiffiffiffiffiffi
DTA

p
FDBI ≃ V tot,

ð27Þ

where T00
i,brane is the energy of the brane and T00

i,brane+extra is
the energy of the brane-anti-brane and tube. Putting the
energy density in equation (27) equal to the energy density
in equation (11), we obtain:

τ3 +Vbrane =V tot, ð28Þ

τ3 +Vbrane =
3τ3
σ3

ð
dσVbraneσ

2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

β

σ4
:

r
ð29Þ
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By multiplying equation (29) by σ3, and by differenti-
ating with respect to the cosmic time, we get

3σ2 _σVbrane + σ3 _V = −3τ3σ2 _σ + 3τ3σ2Vbrane _σ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

β

σ4 :

r
ð30Þ

For β≪ 1, we obtain

_σ

σ
=

− _Vbrane
3τ3 + 3 − 3τ3½ �Vbrane

: ð31Þ

Solving equations (32), (22), (23), (29), and (31) simul-
taneously, we obtain

V tot = τ3 + τ3

ffiffiffi
π

p
β/4π t20 − t2

�� � ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t40 + β2

p
/
ffiffiffiffiffiffiffiffiffiffiffiffi
t4 − t40

p� �h i2r	 

2

2
6664

3
7775

× 1 + e

−2 ffiffiπp β

4π t20−t
2½

	 
 ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1+

ffiffiffiffiffiffiffi
t40+β

2
pffiffiffiffiffiffi

t4−t40

p
� �	 
s" #2

66664

3
77775

−1

×
1
4

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t40 + β2

p
ffiffiffiffiffiffiffiffiffiffiffiffi
t40 − t4

p
 !" #

+
β

4π t20 − t2
�

" # ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
1 +

ffiffiffiffiffiffiffiffiffiffiffiffiffi
t40 + β2

p
ffiffiffiffiffiffiffiffiffiffiffiffi
t4 − t40

p
 !" #2vuut

2
4

3
5
22

64

×
ffiffiffiffiffiffiffiffiffiffiffiffiffi
t40 + β2

p
ffiffiffiffiffiffiffiffiffiffiffiffi
t40 − t4

p
 !" #2#

:

ð32Þ

Substituting energy (32) in equation (1), we obtain

SBH = 4π V totð Þ2 − n
2

� �
,

T tot =
1

4πV tot
:

ð33Þ

The above equations show that by decreasing the dis-
tance between branes, the tachyonic energy increases. This
causes the quantum spectrum of the black hole to grow
and the entropy increases.

3. The Quantum Spectrum of Thermal
Tachyonic Black Branes

In this section, we will generalize the method in the previous
section to thermal black branes. We will show that branes
move with high acceleration towards each other. This accel-
eration produces a curved space-time and creates a horizon
around the system. This causes the system to evolve and
make a transition to a system of black branes.

To achieve these aims, we begin with the equation of
motion for the tachyons as follows:

−
∂2TA
∂τ2

+
∂2TA
∂σ2

= 0: ð34Þ

By using (31), we can write the following reparame-
terizations

ρ = ρ0 _σ
2 = ρ0

σ2

w2 ,w =
3τ3 + 3 − 3τ3½ �Vbrane

_Vbrane
, �τ = γ

ðt
0
dτ′w_w − γ

σ2

2
:

ð35Þ

Using the above expression and doing the following
calculations:

∂�τ
∂τ

� �2
−

∂�τ
∂σ

� �2
" #

∂2

∂τ2
+

∂ρ
∂σ

� �2
−

∂ρ
∂τ

� �2
" #

∂2

∂ρ2

( )
TA = 0,

ð36Þ

we obtain

−gð Þ−1
2
∂
∂xμ

−gð Þ12gμν
h i ∂

∂xυ
TA = 0, ð37Þ

where x1 = ρ, x0 = �τ and the metric elements become

g�τ�τ ~ −
1
β2

w′
w

 !2 1 − w/w′
� �2

1/σ4
� �� �

1 + w/w′
� �2

1 + γ−2ð Þ/σ4ð Þ
� �1/2

= −
1
β2

1 + Vbrane _V
−2
brane

3τ3 + 3 − 3τ3½ �Vbrane/ _Vbrane

 !2 1 − 3τ3 + 3 − 3τ3½ �Vbrane/ _Vbrane
� �

/1 + Vbrane _V
−2
brane

� �2
1/σ4
� �� �

1 + 3τ3 + 3 − 3τ3½ �Vbrane/ _Vbrane
� �

/1 +Vbrane _V
−2
brane

� �2
1 + γ−2ð Þ/σ4ð Þ

� �1/2 g
ρρ

~ − g�τ�τ
� �−1,

ð38Þ
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where we have assumed (∂TA/∂t = ∂TA/∂τ = 2ð∂TA/∂σÞ).
Now, we can compare the elements with the line element

of one black D3-brane [14]:

ds2 =D−1/2 �H−1/2 −f dt2 + dx21
� �

+D1/2 �H−1/2 dx22 + dx23
� �

+D−1/2 �H1/2 f −1dr2 + r2dΩ5
� �2,

ð39Þ

where

f = 1 −
r40
r4
, ð40Þ

�H = 1 +
r40
r4

sinh2α, ð41Þ

D−1 = cos2ε +H−1 sin2ε, ð42Þ

cos ε =
1ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi

1 + β2/σ4
� �q : ð43Þ

Equations (38) and (43) lead to

f = 1 −
r40
r4

~ 1 −
w

w′

� �2 1
σ4

= 1 −
3τ3 + 3 − 3τ3½ �Vbrane/ _Vbrane

1 +Vbrane _V
−2
brane

 !2
1
σ4

,

�H = 1 +
r40
r4

sinh2α ~ 1 +
w

w′

� �2 1 + γ−2
� �

σ4

= 1 +
3τ3 + 3 − 3τ3½ �Vbrane/ _Vbrane

1 + Vbrane _V
−2
brane

 !2
1 + γ−2
� �

σ4 ,

D−1 = cos2ε + �H−1sin2ε

≃ 1⇒ r ~ σ, r0 ~
w

w′

� �1
2

, 1 + γ−2
� �

~ sinh2α:

ð44Þ

The temperature of the BIon system is T = 1/πr0 cosh α
[7]. As a result, the temperature of the brane-anti-brane sys-
tem can be calculated as

T =
1

πr0 cosh α
=
γ

π

w′
w

 !1/2

~
γ

π

1 +Vbrane _V
−2
brane

3τ3 + 3 − 3τ3½ �Vbrane/ _Vbrane

 !1/2 ð45Þ

The above equation shows that the temperature of ther-
mal tachyonic black branes depends on the tachyonic poten-
tial and its changes with respect to time. By increasing the
tachyonic potential, the temperature of the system grows
and tends to large values.

Like the previous section, we obtain the energy b using
the energy-momentum tensor for the black D3-brane [7]
and write

V tot =
ð
dσT00 =

ð
dσ

π2

2
T2
D3r

4
0 5 + 4 sinh2α
� �

~
π2

2
T2
D3

w

w′

� �1
2

9 + γ−2
� �

~
π2

2
T2
D3

3τ3 + 3 − 3τ3½ �Vbrane/ _Vbrane

1 +Vbrane _V
−2
brane

 !1
2

9 + γ−2
� �

,

ð46Þ

Substituting the energy (46) in equation (1), we obtain

SBH = 4π V totð Þ2 − n
2

� �
: ð47Þ

The above equation shows that the spectrum of the ther-
mal tachyonic black branes depends on the tachyonic poten-
tial and its changes in terms of time. If the velocity of change
in the tachyonic potential increases, branes move towards
each other with high acceleration, and greater energy is pro-
duced in the system. This extra energy can be seen as the
extra spectrum around black branes.

4. Results and Discussion

In this research, we have shown that by decreasing the sepa-
ration between branes, the tachyonic energy increases. This
causes the quantum spectrum of the black hole to grow and
the entropy increases. Also, we have found that the spectrum
of the thermal tachyonic black branes depends on the tachyo-
nic potential and its change in terms of time. If the velocity of
change in the tachyonic potential increases, branes move
towards each other with high acceleration, and greater energy
is produced in the system. This extra energy can be seen as
the extra spectrum around black branes.

A question that arises is whether we could calculate the
entropy of a Bohr-like black hole for this system? In the Bohr
system, particles like electrons move around the black hole,
and the entropy can be calculated by summing over all quan-
tum states. As equation (37) shows, in a brane-anti-brane
manifold, particles like scalar, Dirac, and tachyon fields move
and experience a curved space-time. Also, the black hole
entropy has a thermodynamical relation with the black holes
mass:

SBH ~
MBH
TBH

+:⋯ , ð48Þ

where MBH is the black hole mass, and TBH is the black hole
temperature. Usually, the black hole temperature has the
relation below with the black hole mass:

TBH ~
1

MBH
+:⋯ ð49Þ
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Consequently, the black hole entropy has the relation
below with the black hole mass:

SBH ~ MBHð Þ2+:⋯ ð50Þ

The above result is semiclassical. However, by consider-
ing quantum states, we again arrive at equation (1). Thus, this
model could be applied to tachyonic black holes also.

Another question that may arise is why we choose this
special tachyonic potential. This is a very-well known poten-
tial in string theory, which is used in most studies for the
action of brane-anti-branes. This action produces a potential
with one minimum which is a stable result. Although there
are more forms for the potentials [15–17], this potential
yields better results. In addition, potentials with more than
one minimum may affect the stability of the tachyonic black
hole. In these conditions, a system may evolve from a state
with one minimum tachyonic potential to another one, and
many parameters change. These changes can make the system
unstable. For these potentials, there are two horizons related to
different minima of energy (rhorizon1 = x1, rhorizon2 = x2), and
three regions (x < x1, x > x2, x2 < x < x1) appear. Some parti-
cles are confined between two horizons (rhorizon2 < x < rhorizon1)
and evolve between them. Also, two horizons (rhorizon1, rhorizon2)
may interact with each other, change and the system becomes
unstable.

5. Conclusions

In this research, we have obtained the quantum spectrum of
tachyonic black holes in brane-anti-brane systems. These
black holes are built from a pair of branes and anti-branes
which are connected by a thermal tube. This tube is produced
by a tachyonic potential between the branes. By decreasing
the distance between the branes, the potential of the tachyons
increase, and the energy of the system increases. Conse-
quently, this black hole radiates extra energy, and the quan-
tum spectrum of black hole increases.
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